Abstract. We say that a solution of a partial di erential equation in two real variables x 1 ; x 2 is functionally separable in these variables if (x 1 ; x 2 ) = (A(x 1 ) + B(x 2 )) for single variable functions ; A; B such that PACS: 02.30.+g, 02.90.+p, 03.65.Fd 1. Introduction. Our aim is to construct explicit closed-form solutions of interesting partial di erential equations. The approach we follow is to use a generalization of the classical method of separation of variables to reduce the original pde to a system of ordinary di erential equations that we can then attempt to solve. We say that a solution of a partial di erential equation in two real variables x 1 ; x 2 is functionally separable in these variables if (x 1 ; x 2 ) = (A(x 1 ) + B(x 2 )) for single variable functions ; A; B such that 0 A 0 B 0 6 = 0, 1,2,3]. If 0 is a constant this corresponds to additive separation of variables; if (u) = e u it corresponds to multiplicative variable separation. In this paper we classify all possibilities for regular functional separation in local coordinates for equations of the form 2 = f( ; x 1 ; x 2 ) where 2 is the Laplace-Beltrami operator on a two-dimensional Riemannian or pseudo-Riemannian space. If the dependence of f on x 1 ; x 2 is nontrivial we show that (depending on the form of f) separation can occur for conformal Cartesian coordinates on any space. If f = G( ) then for orthogonal coordinates we nd that true functional separation, i.e. separation other than additive or multiplicative,
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A set of necessary and su cient conditions for additive separation of a partial di erential equation was worked out by Kalnins and Miller 4, 5, 6] . We give a brief review of this theory and apply it to our example. Suppose we look for additively separable solutions of the partial di erential equation (2.3) H(x i ; u; u i ; u ii ; u iii ; ) = 0; 1 i n in the n coordinates x i . (Here, u i = @ x iu, u ii = @ x i x iu, , and u ij 0 for i 6 = j.)
We look for solutions of the form:
Introducing new notation, let u i;1 u i ; u i;j+1 @ x iu i;j ; j = 1; 2; ; let m i be the largest integer`such that @ u i;`H = H u i;`6 0 and let D i be the total di erentiation operator If for a particular coordinate system x i equations (2.5) are satis ed identically modulo H = 0 we say that these coordinates permit regular separation. If equations (2.5) are not satis ed identically, separable solutions still may exist but will depend on fewer than P n i=1 m i independent parameters. This is nonregular separation. We will restrict our attention to regular separation. Now we return to our example (2.2). For ease of calculation we will initially limit ourselves to the case M = M(u), i.e., f t = f x = 0. Di erentiating (2.2) with respect to t we nd For an additively separable solution we must have u tttx = 0. Di erentiating (2.6) with respect to x and using (2.2) to eliminate the terms in u tt and u xx we obtain the necessary condition . If this is the case the metric coe cients are said to be in St ackel form with respect to these coordinates. Similar constructions work for second order linear di erential equations, such as the Schr odinger equation. For generalized di erential St ackel form the construction of the original partial di erential equation from the (nonsingular) St ackel matrix is analogous except that now more than one row may depend on the variable x i and the elements of the matrix may be functions of the dependent variables such as u i , in addition to the explicit functions of the independent variables x i which is allowed for classical St ackel matrices.)
Case (1) x 2 ) is a separable potential. The type (4), (6) multiplicative and additive separations have been studied in detail for several manifolds 18, 19, 20, 21] . It is known that for pseudo-Euclidean space separation is possible in 10 coordinate systems whereas for the single sheeted hyperboloid it is possible in 9 coordinate systems.
Next we search for solutions of the equation The case N = 0, i.e. (u) = u, is degenerate in this problem so we require N 6 = 0.
The analysis is similar to the proof of Theorem 2. According to Theorem 1 we must compute u 111 and u 222 in terms of lower order derivatives and then use (3.4) and the requirement u 1112 = 0 to obtain a polynomial identity in u; u 1 ; u 2 ; u 22 . This computation is tedious but straightforward. First we assume g 2) It follows that we must determine additively separable solutions for the equation (3.4) . The computations here are almost identical with those used in the proof of Theorem 2. The only di erence is that here we require that H is a separable potential. The type (4), (6) multiplicative and additive separations have been studied in detail for constant curvature manifolds 18, 19, 20, 21] . It is known that for Euclidean space separation is possible in 4 coordinate systems whereas for the double sheeted hyperboloid it is possible in 9 coordinate systems and for the sphere it is possible in 2 coordinate systems.
From the proof of Theorem 3 we see that functional separation in nonorthogonal variables occurs only if g 11 = g 22 = 0. This is not possible for coordinates in a Riemannian space.
Theorem 5. The equation 2 (u) = f( (u); x 1 ; x 2 ) in a local nonorthogonal coordinate system x 1 ; x 2 on a Riemannian space admits no regular separable solutions u = A(x 1 ) + B(x 2 ) with 00 6 = 0.
